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A brief account of the study of rare B decay B → K∗ℓ+ℓ− using soft-collinear effective theory
(SCET) is presented. Theoretical underpinning of this work is a factorization formula, derived to
leading power in 1/mb and valid to all orders in αs. Partially integrated branching ratio in the
dilepton squared mass range 1 GeV2 ≤ q2 ≤ 7 GeV2 and the forward-backward (FB) asymmetry of
the leptons are calculated. For the zero-point of the FB asymmetry, we get q2
0
= (4.07+0.16
−0.13
) GeV2.
The scale-related uncertainty of q2
0
is improved compared to the earlier estimate of the same.
1. Factorization in SCET
The emergence of an effective theory, called
soft-collinear effective theory (SCET) 1, pro-
vides a systematic way to deal with the per-
turbative strong interaction effects in B de-
cays in the heavy-quark expansion. SCET
has been used extensively in the so-called
heavy-to-light transitions in B decays. In
particular, this framework was used to prove
the factorization of radiative B → K∗γ de-
cay at leading power in 1/mb and to all or-
ders in αs
2,3. In a recent paper 4, summa-
rized below, the related decay B → K∗ℓ+ℓ−
has been studied using the SCET approach.
For the b → s transitions, the weak ef-
fective Hamiltonian can be written as 5
Heff = −GF√
2
V ∗tsVtb
10∑
i=1
Ci(µ)Qi(µ) , (1)
neglecting terms proportional to V ∗usVub and
using the unitarity of the CKM matrix.
Restricting to the kinematic region
where the K∗ meson can be viewed approx-
imately as a collinear particle, a factoriza-
tion formula for the decay amplitude of B →
K∗ℓ+ℓ−, to leading power in 1/mb and all
orders of αs, has been derived in SCET
4:
〈K∗aℓ+ℓ−|Heff |B〉 = T Ia (q2)ζa(q2) +
∑
±
∫ ∞
0
dω
ω
×φB±(ω)
∫ 1
0
du φaK∗(u)T
II
a,±(ω, u, q
2) , (2)
where a =‖,⊥ denotes the polarization of
the K∗ meson. The functions T I and T II
are perturbatively calculable; ζa(q
2) are the
soft form factors defined in SCET while
φB±(ω) and φ
a
K∗(u) are the light-cone distri-
bution amplitudes (LCDAs) for the B and
K∗ mesons, respectively. The expression (2)
coincides formally with the one obtained by
Beneke et al. 5 in O(αs) accuracy, using the
QCD factorization approach 6. We calculate
the partial dilepton invariant mass spectrum
and the forward-backward (FB) asymmetry,
and compare our results with the existing
data 7,8 and the earlier theoretical analysis 5.
2. B → K∗ℓ+ℓ− in SCET
As SCET contains two kinds of collinear
fields, called hard-collinear and collinear
fields, normally an intermediate effective the-
ory, SCETI , is introduced which contains
only soft and hard-collinear fields. While
the final effective theory, called SCETII , con-
tains only soft and collinear fields. One un-
2
3dertakes a two-step matching from QCD →
SCETI → SCETII 9.
2.1. QCD to SCETI matching
In SCETI , the K
∗ meson is taken as a hard-
collinear particle. The matching from QCD
to SCETI at leading power is expressed as
Heff → −GF√
2
V ∗tsVtb
(
4∑
i=1
∫
ds C˜Ai (s)J
A
i (s)
+
4∑
j=1
∫
ds
∫
dr C˜Bj (s, r)J
B
j (s, r)
+
∫
ds
∫
dr
∫
dt C˜C(s, r, t)JC(s, r, t)
)
,(3)
where C˜
(A,B)
i and C˜
C are Wilson coefficients
in the position space. The operators JAi and
JBi represent the cases that the lepton pair is
emitted from the b → s transition currents,
while JC represents the diagrams in which
the lepton pair is emitted from the spectator
quark of the B meson. Their explicit expres-
sions are given in our paper 4. It is more
convenient to define the Wilson coefficients
in the momentum space. The correspond-
ing coefficient functions are called CAi (E),
CBj (E, u), and C
C(E, u), with E ≡ n·vn¯·P/2
and the velocity of the B meson is defined as
v = PB/mB. To get the order αs corrections
to the decay amplitude, we need the Wilson
coefficients CAi to one-loop level and C
B
j and
CC to tree level.
2.2. SCETI → SCETII matching
and SCET matrix elements
One may define the matrix elements of the
A-type SCETI currents as non-perturbative
input since the non-factorizable parts of the
form factors are all contained in such matrix
elements 9,10. Thus 2:
〈K∗ℓ+ℓ−|JA1 |B〉
= −2Eζ⊥(gµν⊥ − iǫµν⊥ )ε∗⊥ν ℓ¯γµℓ ,
〈K∗ℓ+ℓ−|JA2 |B〉
= −2Eζ‖ n
µ
n · v ℓ¯γµℓ ,
(4)
where gµν⊥ ≡ gµν − (nµn¯ν + n¯µnν)/2 and
ǫµν⊥ ≡ ǫµνρσvρnσ/(n · v), and we use the
convention ǫ0123 = +1. The matrix el-
ements of the other two A-type currents,
〈K∗ℓ+ℓ−|JA3 |B〉 and 〈K∗ℓ+ℓ−|JA4 |B〉, are
obtained from the above matrix elements by
the replacement ℓ¯γµℓ→ ℓ¯γµγ5ℓ, respectively.
The B-type SCETI operators
are matched onto the SCETII operators O
B
i
(i = 1, ..., 4). Their matrix elements involve
the meson LCDAs, and two different K∗-
distribution amplitudes (φ
‖
K∗(u, µ) for Γ = 1
and φ⊥K∗(u, µ) for Γ = γ⊥) with their corre-
sponding decay constants f
‖
K∗ and f
⊥
K∗(µ),
respectively, are required. With the above
LCDAs, one has 4
〈K∗ℓ+ℓ−|CB1 OB1 |B〉
= −F (µ)m
3/2
B
4
(1− sˆ)(gµν⊥ − iǫµν⊥ )
× ε∗⊥ν ℓ¯γµℓ φB+ ⊗ fK∗⊥φK∗⊥ ⊗ J⊥ ⊗ CB1 ,
(5)
〈K∗ℓ+ℓ−|CB2 OB2 |B〉 = −
F (µ)m
3/2
B
4
(1− sˆ)
× n
µ
n · v ℓ¯γµℓφ
B
+ ⊗ fK∗‖φK∗‖ ⊗ J‖ ⊗ CB2 ,
(6)
where ⊗ represent convolution in the appro-
priate variables, F (µ) is related to the B
meson decay constant fB up to higher or-
ders in 1/mb, and the jet functions Ji arise
from the SCETI → SCETII matching, with
J1 = J3 ≡ J⊥ and J2 = J4 ≡ J‖. The
matrix element of CB3 O
B
3 (C
B
4 O
B
4 ) can be ob-
tained by replacing the lepton current ℓ¯γµℓ
on the right hand side of the above equa-
tions by ℓ¯γµγ5ℓ and also replacing C
B
1 → CB3
(CB2 → CB4 ).
Finally, the C-type SCETI current is
matched onto the SCETII operatorOC , with
its Wilson coefficient defined in the momen-
tum space, DC(ω, u, sˆ, µ), and we define an
auxiliary function DC ≡ D̂C/(ω − q2/mb −
iǫ). With this, the matrix element of OC is
4obtained in SCET, with the result 4
〈K∗ℓ+ℓ−|DCOC |B〉 = −F (µ)m
3/2
B
4
(1− sˆ)
× n¯
µ
n¯ · v ℓ¯γµℓ
ωφB−
ω − q2/mb − iǫ ⊗ fK
∗
‖
φK∗
‖
⊗ D̂C .
(7)
Since φB−(ω) does not vanish as ω approaches
zero, the integral
∫
dω φB−(ω)/(ω − q2/mb)
would be divergent if q2 → 0. This endpoint
singularity will violate the SCETII factoriza-
tion, and we should restrict the kinematic re-
gion so that the invariant mass of the lepton
pair is not too small, say q2 ≥ 1 GeV2.
2.3. Resummation of logarithms
in SCET
The two-step matching procedure QCD →
SCETI → SCETII introduces two matching
scales, µh ∼ mb at which QCD is matched
onto SCETI , and µl ∼
√
mbΛh at which
SCETI is matched onto SCETII (Λh repre-
sents a typical hadronic scale). The large log-
arithms due to different scales are resummed
using the renormalization-group equations
(RGE) of SCETI to evolve from µh to µl.
For the A-type SCET currents, only the
scale µh is involved. For the B-type currents,
the RGE of SCETI can be obtained by calcu-
lating the anomalous dimensions of the rel-
evant SCET operators 11, and the matching
coefficients at any scale µ can be obtained
by an evolution from the matching scale µh.
The resulting evolution equation has been
solved numerically 4.
Finally, for the C-type SCET current
JC , its anomalous dimension just equals the
sum of the anomalous dimensions of the K∗
meson LCDA φK∗ and the B meson LCDA
φB−. As the evolution equation of φ
B
− is still
unknown, the perturbative logarithms for the
JC current are not resummed. Numerically
the contribution from the JC current to the
decay amplitude in B → K∗ℓ+ℓ− is small.
Furthermore, the JC current is irrelevant for
the FB asymmetry of the charged leptons.
3. Dilepton invariant mass and
FB asymmetry
The dilepton invariant mass spectrum and
the FB asymmetry in B → K∗ℓ+ℓ− have the
following expressions in SCET:
dBr
dq2
= τB
G2F |V ∗tsVtb|2
96π3
(αem
4π
)2
m3B|λK∗ |
× (1 − q
2
m2B
)2N (q2, ζ2⊥, ζ2‖ ) ,
dAFB
dq2
=
−6(q2/m2B)ζ2⊥Re(C⊥9 )C⊥10
N (q2, ζ2⊥, ζ2‖ )
. (8)
where the function N (q2, ζ2⊥, ζ2‖) is defined as
N (q2, ζ2⊥, ζ2‖ ) ≡ 4
q2
m2B
×ζ2⊥(|C⊥9 |2 + (C⊥10)2) + ζ2‖ (|C‖9 |2 + (C‖10)2) .(9)
The expressions for the ”effective”Wilson co-
efficients C⊥,‖9 and C⊥,‖10 in SCET, valid at
leading power in 1/mb and to all orders in
αs, can be seen in our paper
4.
3.1. Numerical results
We use the radiative B → K∗γ decay rate,
which has been measured quite precisely, to
normalize the soft form factor at q2 = 0, ob-
taining ζ⊥(0) = 0.32 ± 0.02. The longitudi-
nal soft form factor ζ‖(q
2) is obtained from
the full QCD form factor AB→K
∗
0 (q
2), esti-
mated using the LCSRs 12, yielding ζ‖(0) =
0.40 ± 0.05. For both the soft form factors,
we assume that their q2-dependence can be
reliably obtained from the LCSRs 12. The
rest of the input parameters and the values
for the Wilson coefficients can be seen in our
paper 4. We obtain
7 GeV2∫
1 GeV2
dq2
dBr(B+ → K∗+ℓ+ℓ−)
dq2
=
(2.92+0.57−0.50|ζ‖ +0.30−0.28|CKM +0.18−0.20)× 10−7 , (10)
5q2[GeV2]
dAFB/dq
2
Figure 1. The differential FB asymmetry
dAFB(B → K
∗ℓ+ℓ−)/dq2. Solid line corresponds to
the input parameters taken at their central values,
while the gray band reflects the uncertainties from
input parameters and scale dependence. The dotted
line represents the LO predictions (from Ref. 4 .)
making explicit the uncertainties from the
soft form factor ζ‖ and the CKM factor
|V ∗tsVtb|. The last error reflects the uncer-
tainty due to the variation of the other in-
put parameters and the residual scale depen-
dence. For B0 decay, the branching ratio is
about 7% lower due to the lifetime difference
(ignoring the small isospin-violating correc-
tions from the matrix elements). One of the
Belle observations 8 of our interest is
8 GeV2∫
4 GeV2
dq2
dBr(B → K∗ℓ+ℓ−)
dq2
=
(4.8+1.4−1.2|stat. ± 0.3|syst. ± 0.3|model)× 10−7,(11)
for which we predict 4 (1.94+0.44−0.40) × 10−7,
which is smaller than the published Belle
data by a factor of about 2.5. How-
ever, BaBar collaboration measures the to-
tal branching ratio of B → K∗ℓ+ℓ− to be 7
(7.8+1.9−1.7±1.2)×10−7, which is about a factor
2 smaller than the Belle measurement of the
same 8, (16.5+2.3−2.2±0.9±0.4)×10−7. Clearly,
more data is required to test the theory pre-
cisely.
The zero of the FB asymmetry is deter-
mined by Re(C⊥9 ) = 0. Including the or-
der αs corrections, our analysis estimates the
zero-point of the FB asymmetry to be 4
q20 = (4.07
+0.16
−0.13) GeV
2 , (12)
of which the scale-related uncertainty is
∆(q20)scale =
+0.08
−0.05 GeV
2 for the rangemb/2 ≤
µh ≤ 2mb together with the jet function scale
µl =
√
µh × 0.5 GeV. This is to be com-
pared with the result given in Eq. (74) of
Beneke et al. 5, also obtained in the absence
of 1/mb corrections: q
2
0 = (4.39
+0.38
−0.35) GeV
2.
Of this the largest single uncertainty (about
±0.25 GeV2) is attributed to the scale depen-
dence. The difference in the estimates of the
scale dependence of q20 here and by Beneke
et al. 5 is mainly due to the incorporation
of the SCET logarithmic resummation 4 and
to a lesser extent to the different (scheme-
dependent) definitions of the effective form
factors for the SCET currents. Power cor-
rections in 1/mb are probably comparable to
the O(αs) corrections
5; it remains to be seen
how a model-independent calculation of the
same effect the numerical value of q20 .
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